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Abstract 

We find nonsuper symmetric and supersymmetric solutions of D3 brane 
configuration in the background of pp wave obtained as a Penrose limit of 
AdS 5 x S 5 . 



Recently, it has been shown that the study of maximally supersymmetric IIB 
supergravity background, pp waves]!]], of various geometries gives rise to many in- 
teresting ideas in the context of AdS/CFT correspondence. Especially, the study 
of BMN0| tells us how to see the duality in a particular sector of the four dimen- 
sional SU(N) gauge theory with M = 4 with type IIB superstring theory in pp wave 
background. The study of duality]] have been extended to various singular spaces 

[ET1 



with different supersymmetries in pEfl-[]55B and have been studied in 
from holographic point of view. Moreover, string theory in this background is exactly 
solvable. The quantization of strings in the pp wave background with NS-NS and 



R-R fluxes is done in [|36|-||39| and the quantization of Dp brane is studied in [40 



Solution to branes in the pp wave background have been studied in |j41|-[42[ and in 

have studied various 



[f44}j from supergravity point of view. The authors of f42 



configurations of Dp brane with different embeddings and found solutions of constant 
embeddings with zero worldvolume flux on the brane. 

In this letter we shall derive nonsupersymmetric and supersymmetric solutions 
of D3 brane whose worldvolume directions are extended along any one of the SO (4) 
directions and one along positive lightcone direction and others are along one of the 
SO (4) directions in the pp wave background. 

Before we start to present the solution of D3 brane in the pp wave background, 
let us discuss the geometry briefly. The geometry of AdS p x S q in global coordinate 
can be described as: 

ds 2 = R 2 A (dp 2 + sinh 2 pdQ 2 p _ 2 - cosh 2 dt 2 ) + R 2 S (d6 2 + sin 2 9dn 2 q ^ 2 + cos 2 Od^ 2 ) , (1) 

where Ra, Rs are the radius of curvature and radius of AdS p and S q respectively. To 
derive the pp wave, we have to consider a particle moving along the ip direction and 
sitting at p = and 9 = and the geometry seen by the particle while moving along 
this trajectory will give us the desired geometry. To do so, let us define coordinates 
as: 

I. Rs 



Z Ka 



y = RsO. 



(2) 



Hence, the geometry in this coordinates becomes 
dx 2 



R 2 A 



ds 2 = 

+R 

Let us define a limit 
Ra - 



i^ + sinh 2 (^)^_ 2 



Rl 



A 

y 

Rs 



cosh 



d y 2 , • 2 ( y \ , n2 , 2 ( y 

-^75- + sin I — ) d\l q _ 2 + cos | — 




(dx + f + R^(dx') 2 + 2R~ A 2 dx + dx 

2 



R 2 A {dx + f (dx-) 2 



00, 



Rl 



R«= 



J?2 p2 



n clitXj doc 

Rs 



(3) 



00, and keeping — — = fixed. 
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L Also studied in 13), see also refs. [0-|25 for related recent developments 
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In this limit the metric becomes 

ds 2 = -4dx + dx~ - (^x 2 + ^y 2 ^j (dx + ) 2 + dx 2 + x 2 dQ 2 p _ 2 + dy 2 + y 2 dQ 2 q _ 27 (5) 

scaling x + — > fix + and x~ — > — , we get the metric as 

ds 2 = -4dx + dx~ - ii 2 (x 2 + (dx + ) 2 + dx 2 + x 2 dVt 2 p _ 2 + dy 2 + y 2 d£l 2 q __ 2 . (6) 

It's easy to see from the Penrose limit of AdS p x S q that the Penrose limit of spaces 
with different values of p and q but with same p+q have the same pp wave provided 
the radius of curvature of AdS is equal to the radius of sphere. For AdS$ x S 5 the 
corresponding R-R 5-form field strength is 

^+1234 = -F+5678 = constant x fj,. (7) 

The world volume theory of Dp brane supports solitonic configurations of lower di- 
mensional branes. In flat space, in particular, in the context of D3 branes, BPS 
monopoles correspond to an orthogonal Dl brane. We shall describe D3 brane in the 
Penrose limit of AdS§ x S 5 background. 

The low energy dynamics of a D3 brane in a pp wave background, i.e 

8 

ds 2 = -4dx + dx~ - li 2 (x\ + . . . + x 2 8 )(dx + ) 2 + ^ dx i dx il q i ^ (8) 

where we have taken the radius of curvature of AdS is same as the radius of the 
sphere, is described by 

S = ~T 3 J d 4 a^/\det(P[G} ab + XF ab )\, (9) 

where we have set B^ v = 0, dilaton=0. F ab is the U(l) field strength living on the 
brane, A = 27ra , but we shall set A = 1, henceforth, and P is the pullback which will 
pullback the bulk fields onto the worldvolume of the brane and P[G] a b is given by 

8 

P[G] ab = -2d a X + d b X~~2d a X-d b X + - l i 2 {xi+. . .+x 2 8 )d a X + d b X + + £ d a X l d b X^ ir 

».i=i 

(10) 

We shall choose the static gauge choice as0 

X + = cj ) \ X- = cj ) l \ X l = a\ X 2 = a 2 , X 3 = a 3 , X 4 = a\ X m = m . 

(11) 

2 In our notation a,b denotes the worldvolume coordinates of D3 brane and can take values 1,2,3,4 
and m can take values from 5 to 8. 
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In this choice of static gauge pullback becomes 



P[G] 



ab 



+d a a L d b a l + d a a 2 d b a 2 + d a a 6 d b a 6 + d a a 4 d b a 4 + d a c, 



(12) 



where we have excited only one transverse scalar, say <p = <ft 5 . Let us also excite a 
magnetic field B a = ^e a ^ J F/s 1 (a, (3, 7 = 2,3,4), and shall take the 'time' as a 1 . For 
static configurations, the energy then becomes 



E = -L 



T* / d 



a 



[1±B- V</>) 2 + (Bt V0) 2 



T 3 > / dV(l ±B-V<j>) 



(13) 



The lower bound is achieved when 



B = ±V0, (14) 
using this along with the Bianchi identity, V • B = 0, we get the equation to scalar as 

V 2 = O. (15) 
The trivial solutions to eq.(|I5D and magnetic field is 



constant, B = 0, 



and the nontrivial solution is 



N 
2r' 



B 



(16) 



(17) 



where r 2 = (cr 1 ) 2 + (cr 2 ) 2 + (cr 3 ) 2 and N is an integer due to charge quantization [[45 
Hence, the energy to this configuration is the sum of energy of Born-Infeld and Chern- 
Simon part. Since, we are taking minimum energy for the nonlinear Born-Infeld action 
implies the total energy is minimum. 

In order to see how much supersymmetry does this configuration preserve let us 



note that the supersymmetric analysis to D3 brane have been studied in |4"6]|, ||47|| ,||4"3"| 



and in ||40|| , these authors have noted that D3 brane preserves half of the supersym- 
metry in the background of pp waves provided the worldvolume directions of D3 are 
along the light cone directions along with two other directions are along either of 
SO (4) directions. If one of the direction is along one SO (4) and other is along the 



other SO (4) direction then the solution do not preserve any supersymmetry [42 



It has been argued that with every brane embedding there is a kappa symmetry 
projection operator which satisfies 



Te 
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if the given brane embedding preserves some fraction of the supersymmetry, where 
e is a Killing spinor of the supersymmetric background and T is kappa symmetric 



projector and is defined as in |48]-[5C 

ef+Vr = 

with 



P— 3 J. 

exp{e 2 ) 



£ 



AXY 



vol 1 



VBX 



X = $ 1{2n+q) P 



n+q 



(19) 
(20) 



where 



II A : P 
IIB : P 



111 
K, 



Y 
Y 



1. 



q 
q 



l 

o. 



(21) 



where \ vo i means that term should be proportional to the volume form of the brane 
and T = F — B . The operators I and K act on spinors as lip = —iip and Kip = ip* 
respectively. These operators are anticommuting and satisfy the following properties: 



-1, J 2 = 1 = K 2 and IJ=K. 



is the value of the DBI Lagrangian evaluated 



in the background with the embeddings. 7(2n) is a 2n-form gamma matrices defined 
on target space as 

1 



T(2n) 



2n! 



Tii. 



da n A... Ada 1 



(22) 



and 7t 1 ...i 2 „ is the pullback of the target space gamma matrices 

l h ... i2n = d h X^...d i2n X^ llxl ..^ n . (23) 

It has been shown in [||S] that V satisfies the following properties. T 2 = 1 and 
tr(r) = 0, which enables to define projector of that kind which projects out half 
of the worldvolume fermions thus making the degrees of freedom of worldvolume 
fermions and bosons same. 

Since, we are studying a D3 brane configuration where dilaton and 2-form anti- 
symmetric B field is zero in a IIB background then the projector written in eq. ( |T9"D 
becomes 



VBX 



1 

24 



1 

4" 



A 7*l---«4^ a Fi 1 i2'~fi3i4 J ~\~ „ Piil2 ^1314,1 



(24) 



Evaluating the projector in our static gauge choice, we get: 



(71234 + ^2071345 ~ <9 3 07i 24 5 + ^4^1235)^ 



£ 



VBX 



+{b 2 ( 1i2 + a 2 07i 5 ) + 5 3 ( 7l3 + a 3 07i5) + 5 4 ( 7l4 + 5 4 07i5)}^ 



(25) 



The first and second line of eq. (fZ5|) follows from the first and second term of eq. 
(^4j) and the last term vanishes because of our choice of magnetic field. For negative 
chirality type IIB spinors 

7+-i234567se = -e, (26) 
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the Killing spinor, e, is derived by setting the supersymmetric variation of dilatino 
and gravitino to zero, of the pp-wave is given by pj|, []42 



j 1 ~ \ 7-(?/ a 7a7l234 + ^7(a+4) 75678 j 



X 



X 



X 



X 



cos — i sin —71234 cos — - i sin —75678 (A + irj) , 



(27) 



where A and 77 are constant, real negative chiral spinors and y a , and z a are the 
coordinates along the first and second SO (4) respectively. Substituting the value of Y 
and e in eq. (|i~8|) , and restricting to (j) — ( t ) { (T ' 2 ) an d only one component of magnetic 
field i.e. to B 2 , for simplicity, we get 



C 



VBX 



(71234 + <9 2 07i345)e - -B 2 (7 12 + 5 2 07i5)e* 



(2? 



Let us define 



P 



1 



J2 7-(2/ a 7a7l234 + ^7(a+4) 75678 ) 



a=l 



Q = B 2 ( ll2 + d 2 <pii b ) 

R = 71234 + 9 2 071345- 



using these, we can rewrite eq. ( pl|) as 



C 



VBX 



Re - Qe* 



(29) 



(30) 



Since the Killing spinor eq. ( fZTD holds for all values of x + , implies, on plugging into 
eq. (|30|) gives rise to 



1 + 
1 + 
1 + 



R 



R 
R 



(l + iP)(X + iri) 



Q 



1 + iP) (71234 + 7567s)(A + irj) 



(1 - iP)(X - irj) 
Q 



VBX 



(1 - iF) (71234 + 7567s)(A - irj) 



VBX 



1 + zP) 7 i... 8 (A + irj) 



Q 



VBX 



-(l-£P)7i... 8 (A-«7). 



(31) 



Equating real and imaginary parts of eq. (|3l[) and using negative chirality of A 

and 77, we get 



1 + 
1 + 



R-Q 

£>VBX 

R + Q 

£>VBX 



(A - P V ) = 0, 
(PA + 77) = 0, 
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( R-Q\, 
1-1+ ( 1 + -7 — M = 0, 

7-7+1 + — 77 = 0, 

V '~'T>BI / 



7-7+ 1 + -7 71234 A = 0, 

7-7+ (l + 4^)71234// = 0. (32) 



Let us see how much supersymmetry does this configuration preserves for zero mag- 
netic field i.e. B 2 = 0. From third and fourth equation of eq. (|3"2"D we get 



[1 + 7l234)A = 0, 

1 + 71234^ = 0, (33) 



which also follows from fifth and sixth equation of eq. fl3~2"|). However, from first and 
second equation of eq. (|32|) we get on invoking eq. (j33|) 

(1 - 7l234)A = 

(1 " 71234)?? = 0. (34) 

Compatibility of eq. (|33|) and eq. (|34"D implies that for zero magnetic field the 
configuration breaks all supersymmetry. Doing the same kind of analysis for nonzero 
magnetic field we conclude that the configuration breaks all supersymmetry. 

Let us look at a different configuration, (+,3,0), which means that the worldvolume 
directions of the brane are extended along the positive lightcone and along one of the 
SO (4) directions. In this case we shall choose our static gauge choice as 

X + = t, X- = 9 , X 1 = a\ X 2 = a 2 , X 3 = a 3 , X 4 = X m = m . 

(35) 

In this choice of static gauge pullback becomes^ 



P[G} ab = -fi 2 ((a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 + ^ + r<t> m )d a rd b T + d a( r 1 d b a 1 + 

d a a 2 d b a 2 + d a a 3 d b a 3 + d a <fd b cf + d a <p m d b m , (36) 

where we have taken the spacetime coordinates as same as the embeddings, i.e. x l = 
X 1 , i = 1, . . . , 8. Let us excite only one transverse scalar, say <fi = (p 4 and a magnetic 
field B a = |e a/37 F / g 7 (a, (3, 7 = 1,2,3). For static configurations, the energy then 
becomes 



E = -L = T 3 J d 3 a^ 2 ((a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 + (0) 2 ) 



1 ± S.V0) 2 + (B t V</>) 2 



T 3 > J d 3 a^/fi 2 ((a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 + (</>) 2 )(l ± B.V(j>) (37) 



3 Here a,b can take values 0,1,2,3 
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The lower bound to energy and the solution are written in eq. (|14]) and eq. (|17j). 
However, the consistency of the static gauge choice implies that we have to find 
solution to and B by taking the following restriction into account: 

li 2 ((a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 + (0) 2 ) = constant = c 2 . (38) 

So, the solution to the restriction and the equation satisfied by B and (f> gives us 

(j) = constant, B = 0, (a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 = constant = c 2 , (39) 

by looking at the solution we conclude that the brane is a spherical D3 brane. To 
check the supersymmetry preserved by this configuration, let us take the projector as 

r = -i(7+ - j-y-hmi- (40) 



Substituting the above form of T and e from eq. fl27|) in eq. ([18|), we get the following 
equations. 

(l-i(Q-R))(l + iP)(\ + iri) = 
(1 - i(Q - R))(l + zP)7i... 8 (A + irj) = 

(1 - i(Q - R))(l + *P)( 7 1234 + 75678)(A + irj) = 0, (41) 

where Q = 7+ * 23 and R = §7_i23- Using 7 2 = 0, we get from second and third 
equation of eq. (fy|) 

7+ A = 0, 7+^7 = 0. (42) 

On invoking this condition on A and 77 in the first equation of eq. (|4"lD, we see 
that the configuration preserves one half supersymmetry for P = — f 7-123 ■ However, 
for P = — §7-234, we get one more condition on A and 77. Hence, for the later 
choice of P we conclude that the configuration preserves one quarter supersymmetry. 
So, finally, for different choices of P the configuration preserves different amount of 
sup er sy mmet ry. 

We have derived nonsupersymmetric and supersymmetric solutions of D3 brane in 
the pp wave background for two different kind of configurations, in one case the brane 
is extended completely along one of the SO (4) directions and in the other case one of 
the worldvolume direction is extended along the positive lightcone direction and the 
rest three are along one of the SO (4) directions. In the former case we found that 
our solution breaks all supersymmetry for zero magnetic field on the worldvolume of 
the brane and for a constant transverse scalar and also for nonzero magnetic field 
and nonconstant transverse scalar. Where as in the later configuration it preserves 
different amount of supersymmetry depending on the choices of P. 
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